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Nonadiabatic phenomena during magnetic trap confinement and their influence on maximum
x-ray energy from electron-cyclotron-resonance-heated plasmas

K. S. Serebrennikov,* C. Gaudin, J.-M. Buzzi, J. Bruneteau, and C. Rouille
Laboratoire de Physique des Milieux Ionise´s, UMR 7643 du CNRS, Ecole Polytechnique, 91128 Palaiseau, France
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Nonadiabatic effects during the confinement of energetic electrons with a gyroradius comparable with the
magnetic field scale have been studied with a phase section technique. The appearance of a hot electron
component is a characteristic feature of electron-cyclotron-resonance-heated plasma production in magnetic
mirrors. A criterion for the absence of stable trajectories and the transition to strong stochastic motion for any
initial condition is proposed and confirmed by simulations. Satisfactory agreement with the experimental x-ray
spectra is obtained.
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I. INTRODUCTION

Numerous experiments on the heating of plasmas by
crowave sources based on electron-cyclotron resona
@1–6# have proved the efficiency of this method for gener
ing plasmas with densities up to 1012– 1014cm23. If the
plasma is confined in a trap by a mirror magnetic field, a
electron ring appears in the central plane of the trap@2#. This
ring is localized in the zone of resonance between the mi
wave frequencyv and the cyclotron frequency (v5vc), or
with any harmonics of the cyclotron frequency (v5nvc).

The width of the ring is relatively small, so for longitud
nal and transverse components of electron momentum
respect to the magnetic field, the inequalitypi /p'!1 holds.
This relation shows that, during the heating, it is the tra
verse component that is mainly increased. The maxim
energy in the electron power spectrum during the confi
ment in a relatively high magnetic field~several kG! can
approach 1 MeV. Such energies are observed even at
microwave power~,1 kW! @3#.

Early experiments in the years 1960–1990 were desig
to create a thermonuclear plasma with magnetic mirro
However, it was recently demonstrated that the formation
hot electron annular rings is also possible on compact
vices with intermediate and weak magnetic fields~,1 kG!
and low microwave power@7#. Such devices can be used f
the generation of x rays@8#, and other purposes@9#.

For a time duration of several bounce oscillations,
influence of the rf electric fieldE on the motion of an ener
getic electron (W.10 keV) in a magnetic field remain
weak because the parameterg5E/(cB) is small. For a low
density plasma (n;1011– 1012cm23), when the frequency o
Coulomb collisions is considerably less than the cyclot
frequency, the confinement of an energetic electron in in
mediate and weak magnetic fields is determined by nona
batic effects@10#. Numerical simulations of electron trajec
tories, in the strong magnetic fields of the Bumpy Tor

*Permanent address: Russian Research Center ‘‘Kurchatov I
tute,’’ Russia.
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experiments@11,12#, also confirm this statement. Unde
these conditions it is possible to assume that the role of h
ing is reduced to a slow increase of the energy of the e
tron, and the maximum energy at which the electron m
leave the trap is determined by the confinement.

The aim of this research was to study the maximum
ergy of the electrons determined by the confinement with
entering into a detailed description of the electron heat
mechanism. Of course, this mechanism should exist to g
erate hot electrons, but we suggest that it should not cha
the criterion of confinement of high-energy electrons.

We shall study the confinement of energetic electro
whose gyroradii are comparable with the magnetic fi
scale, relying on a phase section technique. To be more
cific the calculations will be carried out with the magne
field of a real device@13#, and numerical results will be
compared with experimental ones.

II. PHASE PLANE SECTIONS

Rather deep insight into the problem of chaotic moti
can be obtained with the help of a technique similar to Po
carécross sections~see, for example, Ref.@14#!, which is a
customary tool for studying nonintegrable systems such
the equations of particle motion in an inhomogeneous m
netic field.

We perform the simulations of particle trajectories in t
magnetic mirror created by two permanent magnets wit
field strength on their surfaces of about 4.5 kG. The dista
between the magnets yields the field intensity in the cente
the trap. The motion of an electron is calculated, in the sin
particle approximation, with the use of relativistic equatio
in a nonuniform magnetic field. For phase section calcu
tions, the particle energy change is neglected, as we cons
a time interval much smaller than the characteristic time
energy gain from the rf external field.

Here we shall give the reasons for our choice of ph
variables. Let us introduce a cylindrical frame of referen
~r, c, z!, whose center coincides with the center of t
magnetic trap, the direction of thez axis being the direction
of the magnetic force line on the axis of symmetry. T
Hamiltonian describing the electron motion as a function
ti-
©2001 The American Physical Society05-1
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canonical momenta and coordinates does not depend e
on the time or on the anglec of the cylindrical coordinates
since the vector potential for the axisymmetric magnetic fi
Ac(r ,z) depends onr andz only:

H5cFm0
2c21Pr

21Pz
21S Pc

r
1eAc~r ,Z! D 2G1/2

, ~1!

wherem0 is the electron rest mass,c is the velocity of light,
ande is the absolute value of electron charge. Thus we h
two invariants: the conservation in time of both the kine
electron energyW; and the momentum conjugate toc, i.e.,
Pc ,

Pc5rpc2erAc~r ,z!5const, ~2!

where pc5mr(dc/dt), m5gm0 , and g is the relativistic
Lorentz factor.

The existence of two integrals of motion permits one
reduce the system of canonical equations from sixth orde
a system of fourth order. The latter has the form of equati
that describe the oscillations of a particle in a tw
dimensional potential well,

dpr

dt
52

]

]r
u~r ,z!,

dr

dt
5

pr

m
,

dpz

dt
52

]

]z
u~r ,z!,

dz

dt
5

pz

m
,

with an effective potential

u~r ,z!5
@Pc1erAc~r ,z!#2

2mr2 . ~3!

Depending on the sign of the constant of motionPc , differ-
ent physical situations can occur. IfPc,0, then the mini-
mum of the effective potential is equal to zero for allz. The
position of the minimum is found from the equationPc5
2erAc(r ,z), which is also the equation of constant ma
netic flux. This means that an electron during the oscillatio
near the minimum of the potential well@Eq. ~3!# actually
rotates around the magnetic lines on the same magnetic
face. In principle, it can leave the trap by moving in t
longitudinal direction. According to Eq.~2!, the sign of the
angular momentumpc is changed as it passes through t
minimum of the effective potential. In the real thre
dimensional space, this means that the electron trajec
does not enclose thez axis during one single cyclotron rota
tion. In the case wherePc.0, the value of the minimum o
the effective potential is increased at the approach to mi
throats; therefore, an electron is better confined in the lon
tudinal direction. The rest of this paper concerns only
casePc,0, which corresponds to the following experime
tally observable picture.
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~1! Formation of the hot electron ring takes place near
midplane of the trap around the resonant magnetic line.
radius of this line is obtained from the resonance conditi

eB~Rres!

m
5v res, ~4!

wherev res is the microwave frequency, andB(r ) is the ab-
solute value of the magnetic field as a function of the rad
in the midplane.~Here it is implied that the heating is done
the fundamental harmonic cyclotron frequency, meeting
experimental conditions described in Sec. V. However,
conclusions obtained below can also be applied for heatin
other multiple harmonics.!

~2! The radius of the resonant line in the midplane
larger than the gyroradius of the hottest electrons in the r
~This condition will be satisfied for magnetic configuratio
used for calculations of phase sections, and for the exp
mental recording of spectra described in Sec. V.!

From a mathematical point of view, if one fixes a partic
lar magnetic line@in our case from Eq.~4!# and chooses
z50 ~midplane!, then there remain three free parameters~in-
cluding the energy!. Their choice completely characterize
the electron trajectory. Following Refs.@10,14#, as the other
two parameters we shall choose:~a! the sine of the absolute
value of the pitch anglea, which is unequivocally connecte
to the magnetic moment of the electron; and~b! the gy-
rophasew ~see Fig. 1!.

The electron trajectory in the midplane~if the electron has
only a transverse momentump'! is conventionally repre-
sented as a Larmor circle~dashed line!. In reality, especially
in the case of large gyroradii, this trajectory has a more co
plex form due to the inhomogeneity of the magnetic fie
which causes the instantaneous value of the gyroradiu
depend on the position. Nevertheless, we can define the
rophase as the angle between the radius vector pas
through the instantaneous center of the gyrorotation and
vector going from this gyrocenter to the given point of t
trajectory. The gyrophase is increased in the direction
electron rotation. This definition relates the gyrophase to
position of the electron on the trajectory. The trajectory
self, at a given value of transverse momentum in the m
plane, can be unequivocally fixed with respect to the cho
resonant line, since from Eq.~2! the point on the trajectory
where pc50(upr u5p') should have a radius equal to th
radius of a resonant lineRres.

FIG. 1. Illustration of the choice of phase coordinates.
5-2
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FIG. 2. Phase plane section taken at the m
plane. The parameters of trajectories~a pitch
angle; w gyrophase! are chosen at successiv
crossings of the midplane.~a! W55 keV. ~b! W
520 keV. ~c! W530 keV. ~d! W535 keV.
~Only the half-part is shown as the plots are sym
metrical with respect tow50.! The magnetic
field configuration corresponds to 6.2 cm b
tween the magnets.
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The plane of the chosen phase coordinates, at the g
energy of the electron and a fixed magnetic line, repres
the phase section of a four-dimensional phase volume.
method of phase section calculation consists of setting
ferent initial parameters for the electron in the midpla
~pitch angle and gyrophase!, and then registering them at th
subsequent intersections of this midplane by the traject
Each intersection corresponds to a point in the plane@w,
sin(a)#.

The plots for four different energies of the electron~W!,
in the case of a distance of 6.2 cm between the mag
defining the mirror, are presented in Fig. 2. The set of cro
ing points corresponding to the electron trajectory form
the phase portrait~phase trace! of this trajectory. From its
behavior, one can draw conclusions about the stability o
trajectory. For a stable~or regular! trajectory, points of cross
ing either lie on a closed line or form a periodic set inw.
Otherwise, the phase portrait reveals a limited set of cha
cally located points. Electrons on such an unstable trajec
undergo some bounce oscillations, and then leave the
through the throats.

In Fig. 2 only regions of regular trajectories~stable re-
gions! are shown, as these regions occupy only a small
of the whole plane, and the blank areas correspond to cha
trajectories. In Figs. 2~c! and 2~d! an adjacent area of wea
stochasticity has been added to the graphs~nonclosed lines!,
in order to emphasize better the structure of the stable
gions.

Phase section plots clearly show that severe restrict
are imposed by nonadiabaticity on the behavior of energ
electrons. According to adiabatic theory, the phase tr
should to be a straight line sin(a)5const, and the stable re
gion should occupy all the area outside the loss-cone sina)
.0.44~this inequality corresponds to a mirror ratio along t
resonance line of about 5!. However, even at an electro
energy ofW55 keV @Fig. 2~a!#, the region where the regula
motion is possible is much less than the one predicted
adiabatic theory. In addition, the magnetic moment of
electron@m;sin2(a)# is changed from one intersection of th
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midplane to another. For more energetic particles, the st
regions shrink@Figs. 2~b!–2~d!#, and finally forW540 keV
we could not find any initial conditions in the midplane fo
the trajectory to be stable. Thus there exists a maxim
energy which is determined by the magnetic field structu

These nonadiabatic restrictions may also play a signific
role in determining the electron energy distribution functi
of the hot electron component during plasma heating. T
boundary conditions for the Fokker-Planck equation, wh
follow from the complex form of stable regions on the pha
plane, can strongly influence parameters of the distribut
function such as the temperature@11#.

It is interesting to observe that when approaching
maximum energy, the stable regions of the phase space
energetic particles become small enough@Figs. 2~c! and
2~d!# that corresponding regular trajectories have a defin
form. For example, Fig. 3 shows the trajectory correspond
to the stable region in Fig. 2~d!. In Fig. 3, we can also easily
see that the form of the trajectory corresponds to the fi
resonance between gyrorotation and bounce oscillation
the electron~see Sec. IV!. The characteristic feature of thi
particular trajectory is that it is not symmetric with respect
the midplane.

FIG. 3. Stable trajectory corresponding to the regular area
Fig. 1~d!.
5-3
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III. ANOTHER APPROACH TO DETERMINE THE
MAXIMUM ENERGY

The construction of phase sections gives informat
about the form of stable areas and about the maximum
tainable energy. However, if it is necessary to determine
maximum energy for a large number of magnetic configu
tions ~for the purpose of looking at an optimum magne
configuration for some applied problem!, it is possible to
offer another method less demanding of computer time t
the method of phase sections. This method consists of m
eling the heating by a slow increase of the electron ene
with time; that is, slow with respect to the period of boun
oscillations. The additional term is added to the equation
motion, and it should be such that it does not cause a pre
ture departure of the particle from the trap.

For subsequent calculations, we have chosen the ‘‘h
ing’’ term in the following form:

dp'

dt
5

g

@11~z2/L2!#
. ~5!

Herez is the coordinate along the axis of the magnetic fie
measured from the central plane,L is the longitudinal char-
acteristic dimension of resonant area,g;E/(cBres)!1, p'

is the transverse electron momentum normalized tomc, andt
is the time normalized to the inverse cyclotron frequency

The electron is located originally on a resonant line, w
a small energy close to the energy of ionization. In the
sence of collisions, the electron trajectory is modified slow
with time, so that its phase trace always lies in the sta
region~see Fig. 2!, even when the latter becomes very sma
Finally, when reaching a certain energy, the stable reg
disappears, as indicated in Sec. II, and the particle leaves
trap after a few chaotic oscillations. This energy is thus
maximum energy the electron can have in such a magn
configuration.

We have carried out four simulations for various magne
field configurations, corresponding to distances betw
the magnets~L! of 6.2, 7.2, 8.6, and 9 cm. To explain th
difference between these configurations, Fig. 4 shows
dependence of the radius of the resonant lines in the m
plane, Rres, versus L for the working frequencyv res

FIG. 4. Radius of the resonance line in the midplane of the t
as a function of the distance between the magnets,L.
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52p 2.45 GHz. In all cases, the electron rotates along a L
mor circle that does not enclose the axis of symmetry of
field.

The slow energy change in time permits one to follow t
dynamics of a regular electronic trajectory. The characteri
features of the electron behavior are oscillations of the m
netic moment, which are manifested by oscillations of t
reflection points at the mirror ends@see Fig. 5~a!; in Fig. 5~b!
the electron trajectory is shown in the plane~r, z! for the
same time duration#. The amplitude of these oscillations in
creases with energy, in accordance with Ref.@14#. Near the
maximum energy, the magnetic moment oscillations beco
irregular. This is illustrated in Fig. 6, where the time depe
dence of the electron longitudinal coordinate is shown j

p

FIG. 5. End point oscillations~a! and electron trajectory for the
same time interval~b!. L58.6 cm andW566 keV. t is the time
normalized tov21.

FIG. 6. End point oscillations in the chaotic region.L58.6 cm
andW'70 keV. t is the time normalized tov21.
5-4
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NONADIABATIC PHENOMENA DURING MAGNETIC TRAP . . . PHYSICAL REVIEW E 63 046405
before leaving the trap. Figure 6 also illustrates that the e
tron ~which is on an irregular trajectory! still has the time to
make several bounce oscillations, the number of which c
not be determined precisely. As it continues to interact w
an external field, the maximum observable energy in the
periment can be a slightly larger than the value determi
from the condition of the disappearance of the stable reg

In all cases, during a period of several cyclotron gy
tions, the phase trace of particle motion in the midplane
similar to those discovered in Sec. II with constant ener
Practically the same behavior and the same maximum e
gies are obtained with different values ofg or L, even when
the structure of the heating term was changed. The calcul
values of the maximum energies are listed in Table I.

IV. CRITERION FOR THE ABSENCE OF REGULAR
MOTION

As shown in Ref.@15#, nonconservation of the magnet
moment arises from a nonlinear resonant interaction of
gyromotion with harmonics of the bounce motion. In o
calculations, in all cases, the disappearance of the last s
region occurs near the first resonance between the gyro
tion and the bounce oscillation of the electron (v̄52V),
where v̄, is an average cyclotron frequency, andV is the
bounce frequency. The Chirikov theory presented in R
@10# is then not applicable in our case, as it was deduced w
the assumption of higher-order resonances (v̄@2V). The
Chirikov criterion is reached when there is resonant overl
ping in amplitude between two oscillators. There is a thre
old for stochasticity that has been verified in numerous
merical experiments. This criterion holds when the tw
frequencies are distinct. In our case, we have a freque
degeneracy sincev̄52V, and then the Chirikov criterion
can no longer be satisfied. The energy boundary for the p
ence of any regular motion can be described by a heur
ratio

r

l
'

1

2
, ~6!

wherer5uvu/v is the total gyroradius atz50 and l is re-
lated to the curvature of the magnetic field line

TABLE I. Calculated values of maximum energyWmax along
with the characteristic parameter of the resonant magnetic line
its relation to the gyroradius.

Distance
between
magnetsL
~cm!

Maximum
energy
Wmax

~keV!

Line
parameter

l
~cm! r/ l a

6.2 38 1.75 0.44
7.2 52 2.06 0.44
8.6 70 2.56 0.41
9 90 2.73 0.44

aHerer is taken at an energy equal toWmax.
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The derivative here is taken along the magnetic line. T
values ofl and of the ratior/ l are also presented in Table
Equation~6! expresses that the system is near the first re
nance (v5vc) @16#.

A similar empirical relation betweenl and rT , namely,
rT / l'0.05, is known to be valid for most of electron
cyclotron-resonance machines@17#, whererT is the gyrora-
dius corresponding to the temperature of the hot elect
population. This ratio also indicates the onset of nonadiab
particle motion, while Eq.~6! indicates the lack of any regu
lar motion.

V. EXPERIMENTAL SETUP AND X-RAY SPECTRA
FROM THE PLASMA

The main purpose of the experimental investigation w
to study the Bremsstrahlung spectra of the hot electrons f
the midplane of the mirror trap, and to compare them w
the results of calculations presented in the above secti
Figure 7 schematically shows the plasma chamber. In a
lindrical aluminum cavity, two Sm-Co disk poles from th
mirror trap. A steady-state argon plasma at a pressure in
range (1 – 10)31025 Torr is sustained by microwave (f
5v/2p52.45 GHz, 400 W) input power. Details of the ex
perimental device and preliminary results were publish
elsewhere@8,13#.

In this experiment, we can easily change the distance
tween the permanent magnets,L, in order to vary the mag-
netic configuration in the chamber. Figure 8 presents the p
files of two resonant magnetic lines for the extreme case
L equal to 6.2 and 9 cm, along with the plots of consta
magnetic field. Between these two distances the homog
ity of the field increases continuously with the line chara
teristic parameterl @see Eq.~6! and Table I#.

The pinhole camera x-ray image of the chamber,
scribed in Ref.@13#, allows one to detect the presence of t

FIG. 7. Schematic description of the chamber.
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K. S. SEREBRENNIKOVet al. PHYSICAL REVIEW E 63 046405
hot electron ring near the resonant line by its images on
endplate walls of the mirror trap. No trace of x-ray emissi
coming from the cylindrical wall~i.e., in the radial direction!
was observed. The fact that the x-ray image of the ring c
ated by hot electrons leaving the trap also had a ringlike fo
proves that the electron trajectories did not enclose the m
netic field axis~see Sec. II!.

Along with the generation of a hot component, the form
tion of a cold plasma component takes place. The latter co
be observed by its optical emission in the visible. Plas
probe measurements provide an estimation of plasma de
in the plasma peripheral region. We found the density to
in the range 109– 1010cm23. A relatively low plasma density
indicates that the TE111 resonator mode was excited in th
chamber.

FIG. 8. ~a! Profile of resonance magnetic field lines for~1! L
56.2 cm and~2! L59 cm. Contour plots foruB/Bresu5const at~b!
L56.2 cm and~c! L59 cm.
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We have investigated the x-ray emission in argon for d
ferent magnetic configurations corresponding to those u
in the above calculations. Emission spectra were obtaine
a plasma at an argon pressure of 7.531025 Torr, and a mi-
crowave power of 400 W. We have recorded the pho
spectrum with a NaI detector~1-in diameter, 2 mm thick!.
The 0.2-mm-thick aluminum window served to filter out th
x rays with low energy. Two diaphragms made of lead w
openings 2 and 5 mm in diameter were used to collimate
analyze the emission coming only from the plasma midpla
There was no detectable radiation coming from the wa
The solid angle of collimation was 431024 st. From Brems-
strahlung analysis@18,19#, we have estimated that the ho
electron density in a slice of plasma around the midplan
about 108– 109 cm23.

Four such spectra are presented in Fig. 9 for distan
between the magnets close to those of the calculations.
exposure time was 4 min. We suppose that an agreem
exists between the maximum energy of the spectra and
calculated values from Table I, despite the background no
in the low count range. It is worth noting that the total spe
tral energy increases with the maximum energy, as both
ues depend on the mean time spent by the particle in the

VI. CONCLUSION

The results presented above demonstrated that limitat
on heating the plasma in the magnetic trap with a rat
powerful method such as electron-cyclotron-resonance h
ing are not determined only by the nature of heating, but
intrinsically nonadiabatic motion in the inhomogeneo
magnetic field. Our conclusion is valid at least for compa
traps with intermediate values of magnetic fields~,1 kG!,
which are of interest now for various applications in phys
and technology.

The criterion for maximum energy in the trap has be
deduced for the particles following the magnetic line cro
ing the electron-cyclotron-resonance surface@Eq. ~6!#. Satis-
factory agreement between experimental and numerical
sults for the same conditions was demonstrated.

The use of the Poincare´ sections technique revealed a
interesting detail: for energies not too small with respect

FIG. 9. X-ray spectra from the core plasma of the trap for va
ous distances between the magnets.~a! L56.3 cm. ~b! L57.1 cm.
~c! L58.6 cm. ~d! L59.1 cm.
5-6
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those deduced from Eq.~6!, only trajectories of a definite
form can be stable. The fact that the trajectories of the
electrons are known in a given magnetic field can be us
for example, for calculating their interaction with extern
waves. On the other hand, these trajectories can be very
ful in determining the better position of insertion of a so
target probe for the purposes of diagnostics or for x-ray p
duction.
.
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